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Goal and acknowledgements

We will do two things:

» Give a syntactic reformulation of type theory in the usual style
of name-free type theory.

» Define the corresponding algebraic objects, called E-systems,
in a category with finite limits.

For many insights in the current presentation | am grateful to
» Vladimir Voevodsky
» Richard Garner
» Steve Awodey



Desired properties of the algebraic theory

» The meta-theory should not require anything more than rules
for handling inferences. In particular, natural numbers should
not be required.

» Finitely many sorts. The basic ingredients are contexts,
families and terms. Thus there will be 3 sorts.

» The theory is algebraic and the operations on it are
homomorphisms. The wish that operations are
homomorphisms tells which judgmental equalities to require.

» Finite set of rules. The theory is invariant under slicing as a

consequence, rather than by convention. There will be no rule
schemes.



The scope of the theory

The requirement that the theory is essentially algebraic gives
immediate access to the standard tools of algebra, such as

» free algebras;
» quotients algebras.

The major source of examples of E-systems are B-systems.
» B-systems are stratified E-systems.

» There is a full and faithful functor from C-systems to
pre-B-systems with the B-systems as its image.

In a way similar to the definition of E-systems, it is possible to define
internal E-systems. One of the aims of this research was to have
a systematic treatment of internal models.

» Nothing more than plain dependent type theory is needed to
express what an internal E-system is.



Overview of the theories
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Dependent Type Theory

The theories of weakening (and projections), substitution and the
empty context and families are formulated as three independent
theories on top of the theory of extension.



The basic judgments

FT ctx FT=A ctx
I'-A fam I'-A=B fam
I'a:A I'a=b:A.

There are rules expressing that all three kinds of judgmental
equality are convertible equivalence relations.
An example of a conversion rule:

FIT=Actx THA fam FIT=Actx THFA=B fam

AF A fam A+ A= B fam



The fundamental structure of E-systems

The fundamental structure of an E-system CFT in a category
with finite limits consists of
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The object C represents the sort of contexts.

v

The object F represents the sort of families.

v

Every family has a context, this is represented by ft : F — C.
The object T represents the sort of terms.

v

v

Every term has a family associated to it, this is represented by
0: T —F.



Comparison with B-systems

The fundamental structure The underlying structure of
of E-systems: B-systems:
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Rules for extension

Introduction rules for context extension:

I'A fam FT=Actx THA=B fam
FT.A ctx FT.A=A.B ctx

Introduction rules for family extension:

IT''A+ P fam I'-A=B fam T.A-P=Q fam

I' AP fam I'-AP=B.Q fam
Extension is associative:

I'-A fam T.AFP fam
F(T.A).P=T.(A.P) ctx

IAFP fam (T.A).P+ Q fam
I'-A(P.Q) = (AP).Q fam




Pre-extension algebras
A pre-extension algebra CFT in a category with finite limits
consists
» afundamental structure CFT, and
» context extension and family extension operations

e:F—C
e1: F Xyt F— F,
implementing the introduction rules

I'A fam T AR P fam
FT.A ctx I'HAP fam

Thus, we will additionally require that we have a commuting diagram

F Xeyt F——— F

704 (eo ,ft)l lft

F — C



Notation for pre-extension algebras
We introduce the following notation:

Fo:=F Xey 0t F
fto := 1 (eo, ft) : Fo — F
F3:= F2 X, f1, F2
ftg := m1(eq, fto) : F3 — Fo.
Then it follows that the outer square in the diagram

T2 (eo ,f’t) XEOvﬂ T2 (eo ,ft)

F3 : > Fo
o l
e
T ft
fts F2 —>7T2(€o ) F
ftgl ft
F2 ft, > F P 7 C

commutes. We define e; to be the unique morphism rendering the

L T 1.



Extension algebras

An extension algebra is a pre-extension algebra CFT for which the

diagrams
P2 F Fs —— F
TTo (eo,ft)l leo ma(e4 ,f’fz)l l’a
commute.

» These diagrams implement associativity of extension.



Subgoal: develop properties of extension algebras

We need to know:
» What homomorphisms of (pre-)extension algebras are.

» That each extension algebra gives locally an extension algebra
(stable under slicing).

» That the change of base of an extension is an extension
algebra. Change of base allows for ‘parametrized extension
homomorphisms’ of which weakening and substitution are
going to be examples.



Pre-extension homomorphisms

Let CFT and CFT’ be pre-extension algebras. A pre-extension homomorphism
f from CFT’ to CFT is a triple (fy, f;, f) consisting of morphisms

A
AN

| la

Pl F

gl lﬁ

c — (o
0
such that the indicated squares commute, for which furthermore the squares

fi Xeg it fi

F—t sk Fy— s
e{,l J/eo and eql lm
¢ ——¢C F_— \F

fo fi

commute.



Extension homomorphisms

Definition
A pre-extension homomorphism between extension algebras is
called an extension homomorphism.



Slicing of pre-extension algebras
Suppose that CFT is a pre-extension algebra. Then we define the
pre-extension algebra Fcpy to consist of the fundamental structure

T>

|2

Fa

lftg

F
where

To:=F Xe,fton T, d2 :=e5(0),
with the extension operations

ei: FH — F, e : 3 — Fo.



Local extension algebras

Theorem

If CFT is an extension algebra, then so is Fcgr.

Lemma

Let CFT be a pre-extension algebra. Then CFT is an extension
algebra if and only if we have the extension homomorphisms
e : Fcpr — CFT and ey : FFCFT — Fcpr given by

Tlo (eo,ftoa)

|

)

s
Qv

ﬂg(éo,ft)

!

|

fto

=

71(

and

7T (61 ,ftg Oag)

I3— 1

-
T2 (61 ,ftg)

F—% 5 F

ftsl lf to

Fo—————F



Condensed commutative diagrams

Suppose f : CFT — CFT' is a pre-extension homomorphism. We
say that a diagram

CFT — ' CFT’

”l lp,

commutes if the diagram

commutes.



Change of base of pre-extension algebras

Let CFT be a pre-extension algebra and consider
p: C — X < Y :g. Then there is a pre-extension algebra
Y x g, CFT with projections, such that for every diagram

CFT’ -

T
-
Y X gpCFT —— CFT

72(g.p)
lm (9.p) lp

Y > X
g

of which the outer square commutes, the pre-extension
homomorphism [p’, f| exists and is unique with the property that it
renders the diagram commutative.



Change of base of extension algebras

Theorem

The change of base of an extension algebra is again an extension
algebra.

Theorem
Let CFT be a pre-extension algebra. Then

Fror = F Xt FCFT

Theorem
Let CFT be a pre-extension algebra and consider
p:C— X<+ Y:g. Then

FyxgpoCFT 2 Y X g pott FerT.



Overview of the theory of weakening

>

In the syntax, we will introduce an operation for weakening
which acts at the three levels of fundamental structures
(contexts, families and terms). When B is weakened by A, we
denote this by (A) B.

Weakening will preserve extension, so it will be implemented
as an extension homomorphism.

There will be a notion of ‘Currying for weakening’, which
explains what happens when something is weakened by an
extended object.

Pre-weakening algebras will be extension algebras with a
weakening operation satisfying an implementation of the
currying condition. Pre-weakening homomorphisms will
preserve this structure.

Weakening will preserve itself, so weakening we will require
that weakening is a pre-weakening homomorphism.



Rules for the theory of weakening

The introduction rules for weakening:

T'-A fam T+ B fam T'A=A fam T+-B=B fam
T.AF (A)B fam I A (AYB= (A)B' fam
I'HA fam T.BF Q fam TFA=A fam T.B-FQ=Q fam
(T.A).(AYB+ (AYQ fam (T.A)(ABF (AAQ= (A)Q fam
I'tA fam T.BFg:Q Tr'-A=A fam TBFg=¢:Q

(T.A).(A)BF (A)g: (A)Q (T.A).(AYB (Ayg= (A g : (A)Q
Weakening preserves extension:

I'-A fam T.BF Q fam
I.AF (A)(B.Q) = ({(A)B).(A)Q fam
I'-A fam (I.B).QF R fam
(T.A).(A)BF (A)(Q.R) = ((A)Q).(A)R fam




The weakening operation

Let CFT be an extension algebra. A weakening operation on CFT
is an extension homomorphism

W(CFT) : F X it Ferr — Frpe
for which the diagram

w(CFT)
F X gt Fcrr ——— Frepp

fto
T4 (ft,ft)

F

commutes.



Rules for weakening: Currying

IT'+A fam T.A-P fam T+ B fam
(T.A).PF (A.P)B= (P)(A)B fam

I'HA fam T.A-P fam T.BF Q fam
((T.A).P).(P)(A)BF (A.P)Q= (P)(A)Q fam
I'-A fam T.AFP fam T.BFg:Q
((T.A).P).(P)(A)BF (A.P)g= (P)(A)g: (P)(A)Q

To express these rules algebraically, we need to define a weakening
operation on Fcgr, provided we have one on CFT.



Weakening for the families algebra

Let CFT be an extension algebra with weakening operation
w(CFT). Then Fcpr has the weakening operation w(Fcpr) which is
uniquely determined by rendering the diagram

B1 X6 B w(CFT)
F2 Xftg,ftg FFCFT F Xft,ft FCFT — FFCFT

ey

commutative.



Pre-weakening algebras

A pre-weakening algebra is an extension algebra CFT with a
weakening operation W(CFT) : F xg ¢ Fcpr — Frg, for which the
diagram

[7‘(1 ftOftg ft CFT ftz X gt ﬂldFCFT

Fo X ftoft, it FCFT > F2 Xty ity FFepr
lW(FCFT)
[7t1 (ftoftp,ft),w(CFT) o (eq Xt ft ICIFU:T FFFCFT

commutes (implementing currying for weakening).



Pre-weakening homomorphisms

A pre-weakening homomorphism between pre-weakening
algebras CFT’ and CFT is an extension homomorphism
f : CFT' — CFT such that additionally the diagram

v fi X g 1t Fr
F" X o Fopy ——— F X1 Forr

w(CFT’ )l lW(CFT)

FFCFT’

Fr ” FFCFT

commutes.



Change of base of pre-weakening algebras

Let CFT be a pre-weakening algebra and consider
p:C— X< Y:g. Then we define

W(Y XQ,P CFT) : (Y Xg,poft F) Xg*(ft),g*(ft) FYXg'pCFT — FFYXg'pCFT
to be the unique extension homomorphism rendering the diagram

712(g.poft) X g g 7w2(g.poft) w(CFT)

(Y X gpoft F) X g (56),g% (ft) F¥ g pCFT F X st Fcer —— Frgep
' w(Yxg,pCFT)
v B
A B 7a(g,poft
Frygpcrr — FyxgoCrr Fcrr

71 (g* (ft),g* (ft)) J/g* (ft)2 Jg* (ft) th

Y x F——— YXgpC——C
g.poft Y'Xg,peo 9P m2(9.p)

commutative.



Properties of pre-weakening algebras

Theorem
IfCFT is a pre-weakening algebraandp : C — X < Y : g, then
Y X 4,0 CFT is also a pre-weakening algebra.

Theorem
If CFT is a pre-weakening algebra, then so is Fcgr.



Weakening algebras

Thus, it makes sense to require that the weakening operation itself
is a pre-weakening homomorphism.

Definition
A weakening algebra is a pre-weakening algebra CFT with the
property that w(CFT) is a pre-weakening homomorphism.

Theorem

If CFT is a weakening algebraandp: C — X < Y : g, then
Y x40 CFT is also a weakening algebra.

Theorem
If CFT is a weakening algebra, then so is Fcpr.



Rules for weakening: weakening preserves itself

The requirement that weakening is itself a pre-weakening
homomorphism is represented by the following inference rules
which we impose on weakening:

I'FA fam T .BF Q fam T.B+ R fam
((T.A).(A)B).{AYQF (A(Q)R = ({A)Q)(A)R fam

I'-A fam T.BFQ fam (I'.B).RF S fam
(T-A)-(A)B).(A)Q) (A} (Q) R T (A)(Q)S = ((A)Q) (A)S fam
T-Afam T.B-Q fam (I.B).R+k:S

(((T.A)-(A)B).(A) Q)-(A)(Q) R = (A)(Q)k = ({(A) Q) (A)k : (A)(Q)S



Overview of the theory of projections

» In the theory of projections, we will introduce units, which will
eventually behave like fiberwise identity morphisms of
families.

» Together with weakening, units will induce all the projections.

» Pre-projection algebras will be weakening algebras with
units.

» Projection algebras will be pre-projection algebras for which
weakening is a pre-projection homomorphism.



Rules for the theory of projections

Introduction rules for units:

A fam r-A=A fam
TAFids: (A)A TAFids=idy : (A)A

Weakening preserves the unit:

I'A fam T.BF Q fam

((CA)-(A)B).{A)QF (A)idg = idyayq : ((A) Q) (A)Q



Pre-projection algebras

A pre-projection algebra is a weakening algebra CFT for which
there is a term i(CFT) : F — T, such that the diagram

F i(CFT) I

N J»

F X gt FW Fa

commutes. In this diagram, Ag : F — F X4 g F is the diagonal.



Pre-projection homomorphisms

A pre-projection homomorphism from CFT to CFT' is a
weakening homomorphism f : CFT’ — CFT such that the square

f[
T, —2—— T

i(CFT’)T Ti(CFT)

Fle————F
1

commutes.



Projection algebras

Definition
A projection algebra is a pre-projection algebra for which the
weakening operation is a pre-projection homomorphism.

Definition
A projection homomorphism is a pre-projection homomorphism
between projection algebras.

Theorem
If CFT is a projection algebraandp : C — X < Y : g, then
Y x ¢ CFT is also a projection algebra.

Theorem
If CFT is a projection algebra, then so is Fcgr.



Overview of the theory of substitution

» We will introduce an operation for substitution by a term, this
allows us to consider fibers of families. The substitution of P
by a will be denoted by P|a].

» Substitution will be compatible with extension, thus it will be
implemented as an extension homomorphism.

» Pre-substitution algebras will be extension algebras with a
substitution operation. Pre-substitution homomorphisms
will preserve this structure.

» Substitution algebras will be pre-substitution algebras for
which the substitution operation itself is a pre-substitution
homomorphism.



Rules for the theory of substitution

Introduction rules for substitution:

I'a:A T.A-P fam r'-a=4d:A TTA-FP=P fam
I'F Pla] fam It Pla] = P'[d] fam

T~a:A (T.A).P+Q fam Tta=4d:A TA.PFQ=Q fam

I.(Pla]) + Qla] fam I.(Pla]) - Qla] = Q'[d] fam
r'-a:A (T'A.Pkg:Q Tta=d:A (TLA.PFg=g:Q
I.(Pla]) - g[a] : Q[a] I.(Pla]) - gla = g'[d] : Qla]

Substitution is compatible with extension:
I'-a:A (TA).PFQ fam
'+ (P.Q)la] = Pla].(Q[a]) fam
I'a:A ((T'A).P).QF R fam
I.(Pla]) F (Q.R)[a] = Q|a].(R[a]) fam




Pre-substitution algebras

A pre-substitution for an extension algebra CFT is an extension
homomorphism

S(CFT) - T X9 fto F|:CFT — FCFT
for which the square

s(CFT)
T X3¢, FF, —— Fcrr

do7Ty (a,ftz)l lﬂ:

F P > C

commutes.
A pre-substitution algebra is an extension algebra together with a
pre-substitution.



Pre-substitution homomorphisms

A pre-substitution homomorphism is an extension
homomorphism f : CFT' — CFT for which the square

f'x 11, Fr
! AT TS
T Xa/,ftlz FFCFT’ T Xa,ftg FFCFT

s(CFT’ )l ls(CFT)

Fopr F, > Fcrr

commutes.



The family pre-substitution algebra

Theorem

If CFT is a pre-substitution algebra, then so is Fcgr with s(Fcgr)
defined to be the unique extension homomorphism rendering the

diagram
ﬂg(eo,ftoa)Xavﬂzﬁz
T2 X, ft FFF > T X3, ftp FFCFT
CFT
o s(Ferr) s(CFT)
) '3 ~
02074 (az,ft3) FFCFT _— FCFT
lﬂz f
F2 ft, 7 F P 7 C

commutative.



Change of base of pre-substitution algebras

Theorem
Let CFT be a pre-substitution algebra and consider

p:C— X< Y:g. ThenY x4 ,CFT is a pre-substitution algebra

with s(Y X g4, CFT) defined to be the unique extension
homomorphism rendering the diagram

(Y X g,poftod T) X g*(3),g* (ftz) FFYngpCFT

T X ftp FFCFT

. _Y_H__.s(ng,pCFT) J{S(CFT)

_
Fyxg,crr — > Fcrr

lm (g,poft) lpoft

Y —mMMF X

g

71 (g.poftod oy (g* (2),g" (ft2))

commutative.



Substitution algebras

Thus, it makes sense to require that the pre-substitution operation
itself is a pre-substitution homomorphism.

Definition
A substitution algebra is a pre-substitution algebra CFT with the
property that S(CFT) is a pre-substitution morphism.

Definition
A substitution homomorphism is a pre-substitution
homomorphism between substitution algebras.

Theorem
If CFT is a substitution algebraandp : C — X «+ Y : g, then
Y xg4,p CFT is also a substitution algebra.

Theorem
If CFT is a substitution algebra, then so is Fcpr.



Rules for substitution: substitution is compatible
with itself

'a:A (T'A).PFg:Q ((IA).P).QF R fam
(I'.(Plal))-(Qla]) - Rlgl(a] = Rlal[g[al] fam

'a:A (T'LA).PFg:Q (((I'A).P).Q).R+ S fam

((T.(Pla]))-(Qla])).(Rlgl[al) I- S[g][a] = Sal[g[al] fam
Ta:A (TA.PHg:Q ((T.A).P).Q).R-k:S

((I.(Pla])).(Qla])).(Rlgl[a]) F k[g]lal = k[a][glal] : S[d]|a]



Joining the theories of projections and substitution

To join the two theories we have formulated on top of the theory of
extension, we need to provide rules describing:

>

that weakening preserves substitution (weakening is a
substitution homomorphism);

that substitution preserves weakening (substitution is a
weakening homomorphism);

that substitution preserves units (substitution is a projection
homomorphism);

that weakenings are constant families;

everything is invariant with respect to precomposition with units.



Pre-E-systems

A pre-E-system is an extension algebra CFT with a weakening
operation w(CFT), units i(CFT) and a substitution operation
s(CFT) giving it both the structure of a projection algebra and a
substitution algebra, such that in addition

» Weakening is a substitution homomorphism;

» Substitution is a projection homomorphism.
Pre-E-homomorphisms are extension homomorphisms which are
both projection homomorphisms and substitution homomorphisms.



Rules: Weakened families are constant families

I'-Afam THB fam ThFa:A
I'+ ((AYB)la] = B fam

I'HA fam T.B-Q fam ThHa: A
I'BF ((A)Q)la] = Q fam

'a:A I'BFg:Q

[.BF ((A)g)lal =g:Q




Weakened families are constant families

In a pre-E-system, we say that weakened families are constant
families if the diagram

[ldT W CFT a Xt ftldFCFT

T X0 £t FCFT > T X5 tt, Frepr
s(CFT)
2(ftod, ft)
Fcrr

commutes.



Rules: precomposition with a unit has no effect

I'AF P fam
[LAF ((A)P)lida] = P fam




Invariance with respect to precomposition with units

In a pre-E-system CFT we say that everything is invariant with
respect to precomposition with units if the diagram

[7'[1 (ft ,ft)Oft* (ftg ) , FW(CFT)]

Frcrr FFX“'“FCFT Fx w(CFT)ooAg ft FFFCFT

I(CFT) X 0o.ftg idFFCFT ]
~

T2 Xaz,ftg FFFCFT

s(Fcrr)

~

FFCFT

commutes.



E-systems

An E-system is an extension algebra with

» a weakening operation and units, giving it the structure of a
projection algebra;

» a substitution operation, giving it the structure of a substitution
algebra;

» (an empty context and empty families);

such that
» Weakening is a substitution homomorphism;
» Substitution is a projection homomorphism;
» Weakened families are constant families;

» Precomposition with identity functions leaves everything
invariant.

» (The requirements regarding the empty context and families
according to their rules)



Towards algebraic Homotopy Type Theory
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Appendix: weakening and substitution preserve each
other

Weakening preserves substitution:

A fam T.BFg:Q (I.B).QF R fam
(T.A).(A) B+ (A)(Rlg]) = (A R)[(A)g] fam
I'A fam T.BFg:Q ((I.B).Q).R+ S fam
((T.A).(A) B).(A) (Rlg]) - (A) (Slg]) = ((A) S)[(A)g] fam
THAfam T.BFg:Q ((I.B).Q).R+k:S
((I.A)(A)B).(A) (Rlg]) I (A) (k[g]) = ((A)K)[(A)g] : (A)(S[g])

Substitution preserves weakening:

I'-a:A (T'A).P+-Q fam (T.A).P+ R fam
(I.(Pla])).(Qla]) - ((Q) R)[a] = (Qla]) (R[a]) fam
Tta:A (T.A).P-Q fam ((T.A).P).RF S fam
((T.(Pla]))-(Qla))- () R)[a]) - ((@) S)[a] = (Qlal)(S[a]) fam
Ta:A (T.A).P-Q fam ((T.A).P).RFk:S
((T.(Pla]))-(Qla))- (@ R)[a]) - ((@)k)[a] = (Qla]) (k[a]) : ((Q) S)[a]




Appendix: substitution preserves units

I'-a:A (TLA).P+Q fam

(T.(Plal)).(Qla]) - idgla] = idqpy : (Qla])Q[a]



Appendix: the empty context and family

Introduction rules for the empty context and family:

FT ctx FT =TI cix
F[] etx Ik []p fam 'l =[]y fam
Every context induces a family in the empty context:
FT cix FT =A otx
[]Fi(T) fam []Fi(T)=i(A) fam
Compatibility rules for empty context and family with extension:
FT ctx FT ctx
F[].i(T) =T ectx FT.[] =T ctx
-A fam '-A fam
T[], A=A fam I'FA[]=A fam
[]FA fam

[JFi([].A)=A fam
and finally

I'A fam
FT.A=i(T).A ctx

[TEiCD =1} fam



Appendix: weakening and the empty families
Weakening by the empty family:

I'- B fam
I'([])B=B fam

I'BF Q fam
IBFE{([])Q@=Q fam
I''BFg:Q
I BE{])g=g:Q
Weakening of the empty family:

I'-A fam
T AE(A)[]=]] fam
I'HA fam T+ B fam
(T.A)(ABEF (A)] =[] fam

Compatibility of weakening of a family with weakening of a context:

I'-A fam T+ B fam
T AL (A>C’XB = (A>famB fam




Appendix: substitution of an empty family

I'Ha:A
I'-[]la =[] fam
I'a:A T.AE P fam
T.(Pla]))F[]la] =[] fam

Compeatibility of substitution of a family with substitution of a context:

I'AF P fam
I+ Pla]®™ = P[a]®™ fam




Appendix: units act as identity functions

'Ha:A
I'tidala =a: A

Note that the empty family is needed to have this rule.



