Contents

Preface xi

Differences from the first edition xiv

Acknowledgements xv

1 Programs and refinement 1 1.1 The traditional view 1 1.2 A novel view 1 1.3 Programs as contracts: refinement 3 1.4 Abstract programs 4 1.5 Executable programs 7 1.6 Mixed programs 9 1.7 Infeasible programs 10 1.8 Some common idioms 11 1.9 Extreme programs 12 1.10 Exercises 13

2 The predicate calculus 16 2.1 Its relevance 16 2.2 Terms 17 2.3 Simple formulae 18 2.4 Propositional formulae 19 2.5 Quantifiers 20 2.6 (General) formulae 22 2.7 Operator precedence 22 2.8 Predicate calculation 23 2.9 Exercises 25 v

3 Assignment and sequential composition 27 3.1 Introduction 27 3.2 Assignment 27 3.3 Open assignment 29 3.4 The skip command 29 3.5 Sequential composition 30 3.6 Assignment and composition together 32 3.7 Example: Swapping variables 32 3.8 Exercises 34

4 Alternation 36 4.1 Operational description 36 4.2 Refinement law 37 4.3 Exercises 39

5 Iteration 41 5.1 Operational description 41 5.2 Refinement law: informally 42 5.3 Termination of iterations: variants 44 5.4 The refinement rule for iteration 46 5.5 The iteration ‘checklist’ 46 5.6 Exercises 47

6 Types and declarations 50 6.1 Types 50 6.2 Declarations 51 6.3 Local blocks 54 6.4 Using types and invariants 57 6.5 A final note on feasibility 58 6.6 Checking types and invariants 58 6.7 Undefined expressions 60 6.8 Exercises 60

7 Case study: Square root 63 7.1 Abstract program: the starting point 63 7.2 Remove ‘exotic’ operators 63 7.3 Look for an invariant 64 7.4 Exercises 66

8 Initial variables 68 8.1 Simple specifications 68 8.2 Initial variables precisely 69 8.3 Sequential composition revisited 70 8.4 Leading assignment 71

© Carroll Morgan 1990, 1994, 1998

8.5 Exercises 72

9 Constructed types 74 9.1 Powersets 74 9.2 Bags 77 9.3 Sequences 79 9.4 Distributed operators 83 9.5 Functions 85 9.6 Relations 88 9.7 Exercises 90

10 Case study: Insertion Sort 94 10.1 What it means to be sorted 94 10.2 Similar pre- and postconditions 95 10.3 Decreasing the variant 95 10.4 Iterating up, and down 96 10.5 A tricky invariant 97 10.6 Assignment to sequences 99 10.7 Removing the local invariant 100 10.8 Exercises 100

11 Procedures and parameters 102 11.1 Procedures without parameters 103 11.2 Substitution by value 105 11.3 Procedures with parameters 106 11.4 Setting out refinements to procedure calls 107 11.5 Multiple substitutions 111 11.6 Substitution by value-result 112 11.7 Syntactic issues 113 11.8 Substitution by reference 114 11.9 Exercises 115

12 Case study: Heap Sort 117 12.1 Time complexity of code 117 12.2 Heaps 118 12.3 Shrinking a heap 119 12.4 Establishing the heap 120 12.5 Procedure Sift 121 12.6 Exercises 122

13 Recursive procedures 124 13.1 Partial correctness 124 13.2 Variants for recursion 126 13.3 A complete example 127

© Carroll Morgan 1990, 1994, 1998

13.4 Epilogue: recursion blocks 128 13.5 Exercises 130

14 Case study: The Gray code 132 14.1 The Gray code 132 14.2 Input and output 133 14.3 Isolate the base cases 134 14.4 Exercises 135

15 Recursive types 136 15.1 Disjoint union 136 15.2 Testing for tags 138 15.3 Pattern-matching in alternations 138 15.4 Type declarations 141 15.5 Recursive types 142 15.6 Structural order 144 15.7 Pattern matching in iterations 145 15.8 Example: Summing a tree 147 15.9 Exercises 150

16 Modules and encapsulation 154 16.1 Module declarations 154 16.2 Exported and local procedures 155 16.3 Refinement of modules 157 16.4 Imported procedures and variables 157 16.5 Definition and implementation modules 160 16.6 Circular export/import 160 16.7 Initialisation in code 161 16.8 Exercises 161

17 State transformation and data refinement 163 17.1 What we cannot yet show 163 17.2 State transformation 164 17.3 Coercions 165 17.4 Adding variables: augmentation 166 17.5 Removing auxiliary variables: diminution 168 17.6 An example of data refinement 170 17.7 Abstraction functions 173 17.8 Exercises 179

18 Case study: Majority voting 184 18.1 Refinement of code 184 18.2 Winning an election 185 18.3 A straightforward attempt yields quadratic code 185

© Carroll Morgan 1990, 1994, 1998

18.4 A second attempt is faster 188 18.5 Transformation of code 190 18.6 Simplified code 195 18.7 Exercises 196

19 Origins and conclusions 197

20 Case study: A paragraph problem 200 20.1 Even paragraphs 200 20.2 The minimum waste 202 20.3 Producing the even paragraph 205 20.4 Exercises 207

21 Case study: The largest rectangle under a histogram 209 21.1 Laying the groundwork 209 21.2 Divide and conquer 211 21.3 Strengthening invariants to restore feasibility 212 21.4 Introducing recursion 214 21.5 Wrapping up 215 21.6 Exercises 216

22 Case study: A mail system 217 22.1 A first specification 218 22.2 Reuse of identifiers 220 22.3 A second specification: reuse 225 22.4 A third specification: delay 226 22.5 A first development: asynchronous delivery 234 22.6 A second development: acknowledgements 239 22.7 The final development: packets 242 22.8 Exercises 244

23 Semantics 249 23.1 Introduction 249 23.2 Predicate transformers 250 23.3 Semantic definitions 250

A Some laws for predicate calculation 258 A.1 Some propositional laws 258 A.2 Some predicate laws 262

B Answers to some exercises 266

C Summary of laws 298

© Carroll Morgan 1990, 1994, 1998

References 315 Index 318

© Carroll Morgan 1990, 1994, 1998